THE APRIL MEETING AT CHICAGO. 


THE APRIL MEETING OF THE AMERICAN MATHE- 
MATICAL SOCIETY AT CHICAGO. 


Tue thirty-ninth regular meeting of the Chicago Section, 
the eighth meeting of the Society at Chicago, was held at the 
University of Chicago on Friday and Saturday, April 6 and 7. 
About seventy-five persons were present, among them the 
following fifty-five members of the Society: 

Professor G. A. Bliss, Professor R. L. Borger, Professor P. P. 
Boyd, Professor J. W. Bradshaw, Professor W. H. Bussey, 
Professor W. D. Cairns, Professor R. D. Carmichael, Dr. E. W. 
Chittenden, Mr. E. H. Clarke, Dr. L. C. Cox, Professor 
A. R. Crathorne, Mr. G. H. Cresse, Professor D. R. Curtiss, 
Professor L. E. Dickson, Professor A. Dresden, Professor 
W. B. Ford, Dr. W. V. N. Garretson, Dr. G. H. Graves, 
Dr. J. O. Hassler, Mr. C. M. Hebbert, Professor E. R. Hedrick, 
Professor T. H. Hildebrandt, Mr. Glenn James, Professor 
A. M. Kenyon, Professor W. C. Krathwohl, Professor Kurt 
Laves, Professor W. D. MacMillan, Professor W. Marshall, 
Professor T. E. Mason, Dr. A. L. Miller, Professor G. A. Miller, 
Professor E. H. Moore, Professor E. J. Moulton, Professor 
F. R. Moulton, Dr. J. R. Musselman, Dr. A. L. Nelson, Dr. 
F. W. Reed, Professor H. L. Rietz, Professor W. H. Roever, 
Miss I. M. Schottenfels, Dr. A. R. Schweitzer, Professor 
J. B. Shaw, Professor H. E. Slaught, Mr. G. W. Smith, 
Professor E. J. Townsend, Professor A. L. Underhill, Professor 
E. B. Van Vleck, Dr. V. H. Wells, Professor E. J. Wilezynski, 
Dr. C. E. Wilder, Professor R. E. Wilson, Professor C. H. 
Yeaton, Professor A. E. Young, Professor J. W. A. Young, 
Professor A. Ziwet. 

The sessions on Friday were presided over by Professor 
W. B. Ford, chairman of the Section; the session of Saturday 
forenoon was under the chairmanship of Professor L. E. Dick- 
son, President of the Society. At the dinner held at the 
Quadrangle Club on Friday evening, fifty-one persons were 
present. 

Friday afternoon was devoted to a symposium on ‘‘The 
Lebesgue Integral.” The idea of a symposium was first 
suggested by Professor Van Vleck in April, 1915; it had been 
under discussion by different committees of the Chicago Sec- 
tion since that time. The committee appointed in April, 
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1916, for the purpose of arranging a symposium for the present 
meeting consisted of Professors Van Vleck and C. N. Moore, 
together with the members of the program committee. 

The principal papers were presented by Professor Bliss 
and Professor Hildebrandt. Since these papers are to appear 
in full in later numbers of the BULLETIN, only a list of the 
topics treated by them will be given here. 

Professor Bliss, ‘Integrals of Lebesgue and their applica- 
tions”: 1. Definition and existence of a Lebesgue integral; 
2. Measure of point sets and measurable functions; 3. Prop- 
erties of Lebesgue integrals; 4. Some applications of Lebesgue 
integrals. 

Professor Hildebrandt, “Integrals, extensions of and related 
to the integrals of Lebesgue”: 1. Integrals defined on non- 
measurable sets; 2. Extension of integration to non-summable 
functions; 3. The Stieltjes integral; 4. The Hellinger inte- 
gral; 5. Generalizations of Lebesgue, Stieltjes, and Hellinger 
integrals. 

The papers were discussed by Professor E. H. Moore and 
Professor E. R. Hedrick. 

The forenoons of Friday and Saturday were devoted to the 
presentation of the following papers: 

(1) Professor T. H. HitpEBranpt: “On boundary value 
problems for linear differential equations in general analysis.” 

(2) Dr. E. W. Currrenpen: ‘On the relation of non- 
metrical analysis situs to the calcul fonctionnel of Fréchet.” 

(3) Dr. A. L. Miter: “Projective differential geometry 
of three dimensional varieties in S; and of line complexes.” 

(4) Professor R. D. CarmicnaEL: “Comparison theorems 
for homogeneous linear differential equations of general order.” 

(5) Professor R. D. CarmicuaEL: “Note on convergence 
tests applicable to series converging conditionally.” 

(6) Mr. W. H. Witson: ‘On a certain general class of 
functional equations.” 

(7) Dr. A. R. Scuwerrzer: “Functional equations based 
on iterative compositions” (second paper). 

(8) Dr. A. R. Scuwerrzer: “On the implicit correlatives 
of certain functional equations” (preliminary communication). 

(9) Mr. C. M. Hessert: “Circular curves generated by 
pencils of stelloids and their polars.” 

(10) Professor R. D. CarmicuaE: ‘‘On the representation 
of functions in series of the form 2c,g(x + n)/g(x).” 


' 
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(11) Dr. A. J. Kempner: ‘‘A theorem on lattice points.’ 

(12) Dr. A. J. Kempner: “On irreducible equations admit- 
ting roots of the form a + re”, a rational and r rational.” 

(13) Mr. G. W. Smitu: “Nilpotent algebras generated by 
two generators, 2 and j, such that 7 is not an independent 
unit.” 

(14) Professor J. B. SHaw: “Simplification of defining 
equations of nilpotent algebras.” 

(15) Professor E. B. Stourrer: “On the calculation of 
invariants and covariants of linear homogeneous differential 
equations.” 

(16) Professor G. A. “Substitution groups and 
possible arrangements of players at card tournaments.” 

(17) Professor T. E. Mason: ‘‘On functional solutions of 
certain diophantine equations” (preliminary communication). 

(18) Dr. A. J. Kempner: “On the zeros of integral trans- 
cendental functions belonging to certain simple classes and 
the zeros of the derived functions.” 

(19) Mr. J. L. Wats: “On the solution of linear equations 
in infinitely many variables by successive approximations.” 

(20) Dr. A. L. Netson: ‘Plane nets and conjugate systems 
of curves.” 

(21) Dr. V. H. Wetts: “Single parameter systems of 
polar fields.” 

(22) Professor S. Lerscnetz: ‘On certain two-dimensional 
cycles belonging to an algebraic surface.” 

Mr. Wilson was introduced by Professor Carmichael, and 
Mr. Walsh by Professor Van Vleck. The papers of Professor 
Stouffer, Dr. Kempner, and Professor Lefschetz were read 
by title. 

Abstracts of the papers, numbered to correspond to the 
titles in the list, follow below. 


1. In this paper Professor Hildebrandt considers linear 
boundary conditions relative to the general linear differential 
equation of the form 


Dn = a — Jan 
in which 7, a, and a are functions belonging to a class §, of 


the three variables p’, p’’ and x, which range over the classes 
$8’ and $3” (general classes) and X (a linear interval) re- 


} 
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spectively; D = d/dz, and J is a linear operator on a class 


S of functions on the range $8’. The boundary conditions 
considered are of the form 


en(21) + Joyn(21) + dy(x2) + Jo2n(x2) = oo 


in which ¢ and d are constants satisfying the condition c+d=1, 
1, 2 and go are functions of the class R, and 2; and 22 are 
any two elements of ¥. The conditions under which there 
exist solutions of the differential equation and the boundary 
conditions are determined. By a suitable definition of 
adjoint boundary conditions relative to the adjoint differ- 
ential equation 
Dj = de + J Na 


the usual theorems concerning the interrelations of the solu- 
tions of adjoint systems are obtained. 


2. Dr. Chittenden shows for a class S, satisfying any of the 
sets of axioms 2, 22, 23 given by Professor R. L. Moore as 
foundations for a theory of plane curves in non-metrical 
analysis situs, that it is possible to define the écart (P, Q) 
of any two elements of S, so that if P= L,P, then 
L,(P., P) = 0, and conversely. There will exist classes 
So, Si, Se, relative to each element P of S, such that Sp» con- 
tains P; S. contains So, S:, and no limiting element of So. 
Hahn has shown that there exists a function f(Q) which 
vanishes on So, is identically 1 on S2, and satisfies the inequality 
0 < f(Q) <1 on S;. It is shown in the present paper that 
the solutions of the equation f(Q) = z, 0 < 2 < 1, form in 
the aggregate a simple closed curve whose interior contains 
So, and therefore P. 

These considerations show that non-metrical analysis situs 
as studied by Veblen, Lennes, and R. L. Moore is included in 
the calcul fonctionnel of Fréchet. A theory equivalent to 
the theories of these writers can therefore be based on the 
undefined notions point and distance. The author is continu- 
ing his investigations in this direction. 


3. In this paper Dr. Miller sets up the following completely 
integrable set of four homogeneous linear partial differential 
equations in three independent variables: 


| 
| 
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as 0u20u3’ 

= ao y + ay a2 dust a3 


where the a;*/’s satisfy certain integrability conditions. The 
six independent solutions of these equations can be looked 
upon as the homogeneous coordinates of a point in five dimen- 
sions, depending on three parameters, and therefore represent 
a three-dimensional variety V3 in a five-dimensional space 
S;. The projective differential properties of this V3; may be 
studied by means of the invariants and covariants of this 
set of equations under the transformations 


g= hy and a; = U,(u)). 


A fundamental set of these invariants and covariants has been 
found, as well as operators that produce from this set all other 
invariants and covariants. 

If the V; lies on a hyperquadric in S; there is a one-to-one 
correspondence between the points of it and the lines of a 
complex in S3;. Thus the differential properties of a line 
complex invariant under the general linear transformation 
on Klein coordinates may also be studied by means of this 
set of equations. 

The only cases ruled out are those in which the V3 lies in 
an S, or is a developable of the second kind. 


4. This paper by Professor Carmichael deals with several 
theorems of comparison stating interesting relations between 
the solutions of two homogeneous linear differential equations 
of general order such that the coefficients of the one equation 
bear certain prescribed relations to those of the other equa- 
tion. Among the results obtained are extensions in several 
directions of one of Sturm’s classical theorems of comparison 
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for equations of the second order. (See Sturm, Journal de 
Mathématiques, 1 (1836): 106-186, and Bécher, BULLETIN, 
4 (1898): 295-313, 365-376.) 


5. In this paper Professor Carmichael derives a general 
theorem concerning the convergence of series which need not 
converge absolutely and applies it to obtain some more usable 
particular theorems of which the following is one: If the series 


a, + a2 + a3+ --- is summable of order k — 1 in the sense 
of Cesaro and if constants ¢1, ¢2, C3, --- are selected so that 
the series 


| Ate; | 
i=1 
converges, the limit 
lim 


exists and is finite, and the quantities 
n™ (7 = 2,3, k) 
are bounded, then the series 
+ + + --- 


converges (but does not necessarily converge absolutely). 


6. The principal results of Mr. Wilson’s paper may be 
stated as follows: Every solution f(x) of the equation 


+ Bay) + + = 0, 


in which the a’s, 6’s and y’s are constants and no a is zero, 
is a solution of the normal equation 


n+1 (n + 1)! 
(2) ( 1) k\(n — + y) = 0. 
The most general solution of (2) continuous over the finite 
complex z-plane is a polynomial in u and v of degree n with 
arbitrary coefficients, where z = u + V¥— 1», and u and » 
are real. The general solution of (2) analytic over the finite 
complex z-plane is a polynomial in x of degree n with arbitrary 
coefficients. The most general solution of (2) continuous 


— 
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along any line not parallel to the axis of imaginaries is a 
polynomial in u of degree n with arbitrary coefficients, while 
the most general solution continuous along any line not parallel 
to the axis of reals is a polynomial in » of degree n with arbi- 
trary coefficients. From these properties of the normal 
equation it is easy to derive the corresponding properties of 
equation (1). Besides these several other results are obtained 
incidentally. 


7. Let { F(0, 1, 2, nN; 41, 7 (k on 1, 2, be a 
set of iterative compositions of a function of n + 1 variables 
(n = 1, 2, 3, ---), the variables in the entire set being nota- 
tionally distinct. Then by an equation in iterative composi- 
tions Dr. Schweitzer means a relation between the preceding 
compositions F and some, none, or all of the variables ex- 
plicitly involved. By means of suitable adjoined conditions 
on the variables involved special types of equations are ob- 
tained, e. g., the “equation in partial functions” of Herschel.* 
Generalization of the preceding to simultaneous systems is 
made. 

An important class of equations in iterative compositions 
are those which involve infinite sequences and consequently 
the notion of convergence.t In particular, limiting cases of 
certain generalizations of functional equations previously de- 
fined by the author are obtained. Example: If 


f(z) fit, fit, fi, x)}], 


where in the latter iteration'the f occurs n times, and 


then a particular solution is 


fe, 


Finally, classes of eliminative functional equations are con- 
structed which are satisfied by the solution of the equation 
(4) = x, where k = 2,3, 4, ---, and n = 1, 2, 3, ---. 


* Cf. Philosophical Transactions, 1814, pp. 458 ff. 

¢ Cf. the memoirs of Nicoletti, especially, Mem. mat. fis. Soc. Ital. delle 
Scienze (3), 14 (1906). The subject matter of this memoir is capable of 
further abstraction. 
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Here for n = 2, k = 2, = filth, tb, fli, b, ete. 
Such a class is, for instance, f{f, (x), fh (y)} = f(z, y), which 
has the particular solution f(z, y) = ¥"{£)(x) + &/(y)}, where 


8. An important aspect of iterative compositions and func- 
tional equations is their possible expression in terms of trans- 
formations of variables and properties of these transforma- 
tions, e. g., iteration of transformations. Dr. Schweitzer 
makes a number of applications of this theory based on 
equations previously defined by him. One application con- 
sists in expressing certain of his eliminative functional equa- 
tions in implicit form and interpreting the solution of the 
latter as a problem of the inversion of the process of elimination 
of variables in algebra and analysis. Stated in somewhat 
general form, the problem is as follows: Given that an elimi- 
nant of the relations f;{x1', 22’, ---, +++, i, th, be, 
ty} = 0 (k < i= 2, 3, is Xe’, %1, 

--, Xi, fi, fo, ---, fi, €} = 0, to find the functions f;. Ex- 
ample: To determine ¢ in the equations ¢(21’, 21, t) = 0, 
t) = 0, 21’, x2’) — 2) = O, which is an 
implicit form of the equations x,’ = f{a1, t}, 22’ = f{ze, t}, 
fii’, = f{x1, 22}. Another application consists in the 
solution of quasi-transitive functional equations as defined 
by transformations of types occurring in the theory of Lie.* 


9. Mr. Hebbert studies the circular curves generated by 
pencils of stelloids which have the (n+ 1)st roots of unity 
and their associates as base points and are connected with the 
transformation z’ = 1/z". This is a special case of the trans- 
formation z’ = z — (n+ 1)f(z)/f’(z), discussed by Professor 
Emch in the Rendiconti del Circolo Matematico di Palermo, 
volume 34 (1912), pages 1-12. 


10. In this paper Professor Carmichael considers the general 
problem of representing functions with certain assigned proper- 
ties at infinity in series of the form 


* Cf., e. g., Levi-Civita, Real. Inst. Lomb. Rendiconti (2), vol. 28 (1895); 
Vessiot, same volume. 


| 
| 
— g(x-+n) 

g(x) ’ 
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where g(x) is a given function having the asymptotic repre- 
sentation 


valid in a sector V including the positive axis of reals in its 
interior and being analytic in V for sufficiently large values of 
|x|. This problem contains as a special case the problem of 
the representation of functions in factorial series. (See 
Transactions, volume 17 (1916), pages 207-232.) 


11. In this paper, Dr. Kempner discusses the system of 
rectilinear paths of finite width and extending to infinity in 
both directions which may be laid through a square lattice- 
point system. 

Assuming in a rectangular system of coordinates the lattice- 
points represented by x= 0, +1, +2, ---, y=0, +1, 
+ 2, ---, and considering the width d of the path as a function 
of the slope tan ¢, the following theorem is easily derived: 
When tan ¢ = p/q, p, q relatively prime, then the broadest 
path in the direction ¢ which does not contain any points in 
its interior has the width d = (p*+ q*)"#. When tan ¢ is 
irrational, no path of finite width exists which does not 
contain an infinite number of points in its interior. 

Writing d = f(tan ¢), or y = f(z), it is seen that f(z) is 
a pointwise discontinuous nullfunction which is closely related 
to the well known pointwise discontinuous function y= F(z), 
F(x) = 0 for z irrational, F(p/q) = 1/q for p, q relatively 
prime. 


12. The present paper is a continuation of a paper: “On 
irreducible equations,” presented by Dr. Kempner to the 
Southwestern Section in November, 1913. It deals with irre- 
ducible equations having among their roots some of the form 
a+ re®,aandrbothrational. Irreducibility here refers to the 
natural domain although extension to other domains is im- 
mediate for most of the theorems. Consider all circles in the 
plane, of rational radii about all real rational points as centers. 
One obtains thus a triply infinite system of circles which 
cover everywhere densely the complex plane. Some of the 
theorems established may then be expressed as follows: When 
an irreducible equation has roots on any of the circles, then 

I. The equation must be of even degree; 


| 
| 

| 
| 
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II. There are just as many roots lying outside the circle 
as there are inside, and the roots outside are the points of 
reflection of the points inside. 

III. The equation cannot have roots on any other circle 
which does not intersect the first; but 

IV. The equation may have roots on another circle which 
intersects the first; 

V. The radius and the center of the circle may always be 
determined by a finite number of rational operations and ex- 
traction of radicals; 

VI. The equation is completely solvable by radicals when 
its degree is smaller than ten; 

VII. Comparatively simple necessary and sufficient con- 
ditions for the existence of roots on any of the circles are 
established. 


13. In this paper Mr. Smith determines the types of nil- 
potent algebras which are generated by two units, i and j, where 
@ is not an independent unit. He expresses these units in 
terms of the associative units of Professor Shaw and then 
forms the products 7 and 7. Since in the form 

i, hb ij, a’, ee, fri, 

the product of any two units is linearly expressible in terms of 
the units which follow both factors, certain relations among 
the parameters arise from the products ji and 7. The solution 
of these relations leads to thirty different types of nilpotent 
algebras. Certain general theorems permit a simplification 
in the expressions for the units and the classification becomes 
possible. 


14. In this paper Professor Shaw shows that the defining 
equations of a Peirce algebra (nilpotent system of one partial 
modulus) admit of simplifications due to a choice of units 
which is usually possible. The advantage of the simplifica- 
tion lies in the greater ease of handling the representation in 
associative units. If the equations in the regularized base 
units and the adjunct unit 7 are 


Gia = + (a= mM), 


where P;, and P, are polynomials in j, then either the deter- 
minant 


| 
| 
| 
| 
| 
| 

| 

| 

| 
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Pu-1, Pr 

P» — 1, 
vanishes or does not vanish. In the latter case the base units 
4 may be so chosen as to reduce P;, to j merely for b = 1, 
--+, m. In the former case when the second term in the 
principal diagonal elements is replaced by i, the deter- 
minant set equal to 0 has m roots, which are polyromials in 7. 
If these are all distinct the terms in 7*P, all drop out for a 


properly chosen base. If the roots are not distinct the problem 
needs further study. 


15. In previous papers presented to the Society, Professor 
Stouffer has obtained complete systems of seminvariants and 
semicovariants for a system of ordinary linear homogeneous 
differential equations of the second order with n dependent 
variables. In the present paper the problem is completed by 
the calculation of complete systems of invariants and co- 
variants for this system of differential equations. The more 
complicated invariants and covariants are obtained by apply- 
ing certain operators to a set of simple invariants and co- 
variants. 


16. To emphasize certain properties of substitution groups 
Professor Miller directs attention to their availability for 
the purpose of determining arrangements of the players at 
card tournaments so that during a series of games each player 
will have each of the others once as a partner and twice as an 
opponent. The possibility of determining such arrangements 
was considered, from a different point of view, by E. H. 
Moore in his “ Tactical memoranda ” published in volume 18 
of the American Journal of Mathematics. 

When the number of players is a power of 2, sets of possible 
arrangements satisfying the stated condition can be obtained 
directly by means of the regular substitution group of order 
2™, and of type (1, 1, 1, ---), by starting with any subgroup 
of order 4 contained in such a substitution group and trans- 
forming this subgroup under the powers of an operator of 
order 2” — 1 in the group of isomorphisms of this substitution 
group. When m is even we may impose the additional 
condition that during the first (2" — 1)/3 games each of the 


| 
| 
| 
| 
| 
| 
| 
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players has each of the others once and only once either as a 
partner or as an opponent, but sets in which this additional 
condition is not satisfied can be obtained with equal ease in 
this case. 


17. In this paper Professor Mason replaces, in certain 
equations of Diophantus, the unknowns which are to be 
rational numbers by unknown functions restricted only by 
the equations. The functional equations are then solved. 
These functional equations, as such, are of some interest. 
The problem remaining is to restrict these functional solutions 
so that they will satisfy the conditions of Diophantus. The 
number of diophantine equations to which this process may 
be applied seems large. 


18. In the first part of this paper Dr. Kempner unifies a set 
of known theorems (comprising, for example, the first two 
theorems of § 230, and the theorems of §§ 232, 233, 234 in 
Vivanti-Gutzmer, Analytische Funktionen, 1906); their 
proofs are slightly simplified by introducing convex polygons 
(open or closed) which extend to infinity in the complex plane. 
As an application, the following theorem is derived: 

Let f(z) = co + c12 + coz ++ ---, Co +0, converge in the 
whole complex plane, let a,, (v = 1, 2, ---), be the zeros of 
f(z), and let =|a,|-* be convergent for every « > 0; if any one 
of the ¢1, ¢2, --- is zero, then either the zeros of f(z) lie all on a 
straight line passing through the origin, or every straight line 
through the origin has zeros on either side. (Allaand care real 
or complex.) In the second part theorems of the following 
kind are derived: Let m, n be any two positive integers, and 
ai, -**,@_, any n numbers, b;, ---, ba any m numbers, real or 
complex, and arbitrary except that no two a’s shall be equal, 
and no a equal toany b. Then a function f(z) exists such that 

I. f(z) = e@ - v(z), where g(z) and ¢(z) are polynomials; 

II. f(z) = 0 has exactly the roots a, ---, Gn; 

III. f’(z) = 0 has exactly the following roots: (a) bi, ---, 
bm (all single, or counted with proper multiplicity when bi, 
--+, b» are not all distinct), (b) up to m — 1 other roots, which 
cannot be arbitrarily assigned and which in general depend 
both on the given a and b. 

The author does not believe that this theorem can be derived 
by specialization from a (possibly related) theorem of much 


i 
' 
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wider scope due to Guichard (Annales de l’Ecole Normale 
Supérieure, 1884). 


19. Mr. Walsh considers a system of equations 
tit 
under the restrictions 
lel SC. 


A solution is obtained by using successive approximations; 
this solution is such that the z’s are bounded, and it is the 
only such solution. 

By aslight change in the form of the equations, the results are 
extended to include some well known results of Poincaré and 
von Koch. 


20. G. Koenigs has proved that the perspectives on a fixed 
plane from a fixed point of the asymptotic curves of a surface 
form a net with equal Laplace-Darboux invariants. Dr. 
Nelson’s paper deals with the perspectives of conjugate systems 
of curves on a surface. Use is made of Wilczynski’s methods, 
according to which the conjugate system of curves is considered 
as being generated by the point P, whose homogeneous coor- 
dinates, y = y(u, v) (k = 1, 2, 3, 4), constitute a set of 
linearly independent solutions of the completely integrable 
system of equations 


Yuu = Bor + byu + CY» + dy, 
Yur = + C'Yy + d'y. 


A point, P,, which describes a plane net of curves, has the 
homogeneous coordinates 7 = 7 (u, ») (k= 1, 2, 3), 
which are linearly independent solutions of the completely 
integrable system 


Tun = At, + Br, + Cr, 
(T) Tuo = + + 
Toy = + + C"r. 


The following theorems are obtained. (a) Any plane net 


| 

= 
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may be considered as the perspective from a fixed point of a 
conjugate system of surface curves. (b) The perspective on a 
fixed plane from a fixed point of a given conjugate system of 
surface curves forms a plane net whose completely integrable 
system (7) is characterized by the mixed invariantive relation 


(B aA’ OB _ 
dude — + 0. 


21. The paper of Dr. Wells is a study of the five single 
parameter systems of polar fields, the pencil, the range, and 
the three intervening mixed systems. The pencil of polar 
fields is defined as all the polar fields determined by triangles 
perspective and reciprocal to one triangle, such that the cor- 
responding sides of those triangles form three projective first 
order pencils of rays. Similar definitions are given for the 
other forms by means of the determining triangles. In the 
pencil of polar fields the centers of perspective for the deter- 
mining triangles form a range of the fourth order, and the 
lines of perspective a pencil of the second order. For each 
system, the principal theorems give the loci of the poles of a 
line, and the polars of a point. In the first mixed system the 
polars of a point form a second order pencil, and the poles of a 
line a fourth order range. 


22. In this note Professor Lefschetz establishes the existence 
of a two dimensional cycle I’, corresponding to any two alge- 
braic curves Ci, Cz on an algebraic surface F(z, y, z) = 0 
By means of certain functions of Poincaré, the periods of a 
double integral 


f z) 


(1) 


are found. From weet it follows that if 4C,; = 402, T~ 0. 
If (1) is of the form 


SS (G+ 


the periods are linear combinations of the logarithmic periods 
of 


dzdy adjoint polynomial) 


V(x, z)dx; F(x, ¥, z) = 0, 


| 
| 
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| 
t 
| 
| 
| 
' 
| 
| 
| 
' 
| 
| 
' 
| 
| 
| 


1917.] | MEETING OF THE SAN FRANCISCO SECTION. 401 


from which a very interesting connection with Severi’s theory 
of the base is derived. The paper appeared in the Rendiconti 
det Lincet for February. 
ARNOLD DRESDEN, 
Secretary of the Section. 


THE APRIL MEETING OF THE SAN FRANCISCO 
SECTION. 


THE twenty-ninth regular meeting of the San Francisco 
Section was held at Stanford University on Saturday, April 7. 
Two sessions were required for the presentation of the program. 
Professor Lehmer occupied the chair. The following members 
of the Society were present: 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Dr. 
Thomas Buck, Professor M. W. Haskell, Professor L. M. 
Hoskins, Professor D. N. Lehmer, Professor W. A. Manning, 
Professor H. C. Moreno, Professor C. A. Noble, Professor 
E. W. Ponzer, Dr. H. N. Wright. 

It was voted to hold the next meeting of the Section at the 
University of California, on October 27. 

The following papers were read at this meeting: 

(1) Professor H. F. Buicuretpt: “A further reduction of 
the known maximum limit to the least value of quadratic 
forms.” 

(2) Professor D. N. LEnMeR: “Certain divisibility theorems 
concerning the convergents of Hurwitzian continued fractions.” 

(3) Dr. G. F. McEwen: “Determination of the functional 
relation between one variable and each of a number of cor- 
related variables by successive approximation.” 

(4) Professor W. A. Mannina: “On the order of primitive 
groups (III).” 

(5) Dr. H. N. Wricut: “ Note on a certain quadratic 'trans- 
formation of the plane.” 

In the absence of Dr. McEwen, his paper was read by 
Mr. E. F. Michael of the Scripps Institute for Biological 
Research. Abstracts of the papers follow below. 


1. Having given the determinant D of a positive-definite 
quadratic form F in n variables, such integers, not all zero, 
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can be assigned to the variables that the value of F is not 
greater than y,D"/", where y, is a number depending only 
upon n (cf. Transactions for 1914, pages 227 ff.). Professor 
Blichfeldt has recently obtained a lower value for y, than 
that hitherto known (I. c., page 233) when n > 5. 


2. Hurwitz (Vierteljahrsschrift der Naturforschenden Gesell- 
schaft in Ziirich, 1896) has studied continued fractions whose 
partial quotients belong to arithmetical series. Taken 
modulo n the partial quotients of such fractions recur, and so 
also do the convergents. The number of terms in the period 
of the convergents seems to depend in a very simple way on 
the modulus, and the appearance of prime factors in the 
numerators and denominators of the convergents presents an 
interesting study. The continued fraction for the Naperian 
base e = (2, 1, 2,1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, 1, 1, ---) is 
an example. Calling the kth convergent A;/B;, Professor 
Lehmer has shown that A; recurs with a period of 3n with 
respect to any modulus n, and B, has a period 6n. Also 
Bsn-2 = = = 0 (mod n). 


3. In order to determine quantitative relations from “field” 
data, where all the related magnitudes vary simultaneously, 
the disturbing effect due to the interrelationship of the inde- 
pendent variables must be eliminated. Assuming the change 
in the dependent variable w, due to a given change in any 
one of the independent variables z, y,z, etc., to be independent 
of the values of the other variables, the problem is to determine 
the functional relation of w to each variable, when the form 
of the function is unknown and unrestricted. 

Arrange the values of z in order of magnitude, and enter 
corresponding values of w. Divide this series of values of x 
into groups, each containing about the same number of entries 
and having about the same range, and find the regression of 
w on x in each group, assuming it to be linear in each. Proceed 
in the same way with each of the other independent variables, 
thus obtaining first approximations to the average value of 
w and to each regression coefficient in each group corresponding 
to the average value of the independent variable from which 
the group was formed. By means of these approximate 
relations of w to y, w to z, etc., apply a correction to each 
entry inthe (w, x) tabulation that will reduce the value of w 
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to what it would have approximately been if y, z, etc., had 
constant values, arbitrarily chosen. Then redetermine the 
regression of w on z in each group, and proceed in the same 
way with the other independent variables. 

A set of determinate simultaneous linear equations can be 
derived whose roots are the true regression coefficients and 
averages required, and it can be shown that if the values of 
the averages and regression coefficients found by continuing 
the above approximation process converge, the limits will 
satisfy these equations. 

Formulas, readily derived and involving constants easily 
determined from the data, greatly facilitate the computation, 
and provide an absolute check on the numerical work of each 
approximation, after the second. 

Dr. McEwen will offer this paper to the Annals of Mathe- 
matics. 


4, A partial statement of Professor Manning’s theorem is 
this: Let q be any positive integer greater than unity, and let 
p be a prime number greater than 2q; then the degree of a 
primitive group that contains a substitution of order p and 
degree gp but none of order p and of degree less than gp cannot 
exceed gp-+4q—4. This paper has been offered to the 
Transactions. 


5. An involution of lines is set up about each of the points 
A and B such that the double lines of each involution are at 
right angles. Then any point P of the plane, as the inter- 
section of a line of A with a line of B, corresponds to a point 
P’ as the intersection of the corresponding lines of A and B. 
And conversely P’ is seen to correspond to P. In this way 
is obtained a quadratic transformation of the plane. 

The involutions about A and B determine a third involution 
of the same character about a point C, such that the same 
quadratic transformation of the plane is obtained from any 
two of the three involutions. 

Dr. Wright shows that in this transformation the ideal line 
of the plane goes into the circle through A, B, and C. This 
circle is found to be the nine-point circle of any triangle whose 
vertices are three of the four invariant points of the trans- 
formation. 

W. A. MAnnine, 
Secretary of the Section. 
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SINGULAR POINTS OF ANALYTIC TRANSFOR- 
MATIONS. 


BY PROFESSOR WILLIAM F. OSGOOD. 
Let a transformation be defined by the equations 
Zi = «5 Mn) (gal, . . 


where the functions g; are meromorphic in the origin and the 
first » of them, 0 < up < n, have a non-essential singularity 
of the second kind there, the remaining n — yu functions being 
analytic or having a pole there. Let the point (2) be inter- 
preted in the space of analysis. 

Let those points of the region 


< m (k=1,...,n), 


where 7; is a positive number, in which no function ¢; has a 
non-essential singularity of the second kind, be denoted by Tf, 
and let the points (x) which form the images of the points (u) 
of E constitute the region M. There will be certain points of 
the (x)-space which will lie on the boundary of M, no matter 
how far & is restricted. The manifold of these points shall 
be denoted by MM. 

The object of this note is to communicate the following 
theorem, the proof of which will shortly be published elsewhere. 

THEOREM. The manifold It 1s made up of a finite number 
of algebraic manifolds of the following kind: 

In the space of the first » variables (x;,..., 2,) there 
exists a manifold & formed by a finite number of irreducible 
algebraic curves (k = 1), surfaces (k = 2), or hypersurfaces of 
order k < p, the number k being the same for all; or finally, f 
u<n, R may — all the points of the space in question, 
and we set here k = 

Then I consists of the points (a1, . . .,%n), where (m,..., 
x,) ts an arbitrary point of R, and 


_ 95 £0, 


HARVARD UNIVERSITY, 
April, 1917. 
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THE PROJECTION OF A LINE SECTION UPON THE 
RATIONAL PLANE CUBIC CURVE. 


BY PROFESSOR JOSEPH EUGENE ROWE. 


(Read before the American Mathematical Society, April 28, 1917.) 


Introduction. 


TuE rational plane curve of the third order, which we shall 
refer to as the R*, is of the fourth class; that is, from an 
arbitrary point of the plane four tangents can be drawn to 
the curve. But if the point is selected on the R? itself, the 
tangent at the point accounts for two of these tangents, and, 
therefore, from such a point only two additional tangents can 
be drawn to the curve. A line section yields three points of 
the R® and these, in the manner just described, determine 
three pairs of additional tangents. An investigation of the 
points of a line and the six tangents so determined shows that 
the relations which exist among these are interesting as well 
as of a fundamental character. 

We shall let 


(1) at? + + 3cit d; (2 = 0, 1, 2) 


be the parametric equations of the points of the R*, and it 
has been found convenient to use the following abbreviations: 


(2) a=|abe|, B=|abd|, B’=|acd|, a’ =| bed|. 
Also, it may be verified that the identities 

(3) a,;o’ — bp’ + ¢8 —da=0 

exist among the coefficients in (1) and the Greek letters of (2). 


The Choice of a Line Section. 


As the parameters 0 and © may be assigned to any two 
elements in a one-dimensional space, we select the line deter- 
mined by the points of the R* whose parameters are 0 and ©. 
From (1) it follows that the coordinates of these points are d; 
and a;, respectively; hence the equation of the line determined 
by them is | adx | = 0, and the parameter of the third point 


= 
= 
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of the R* (found by substituting from equations (1) in 
| adx | = 0) collinear with a; and d; is the root of 

(4) Bt + Bp’ = 0. 

By substituting t = — 8/8’ in (1) we obtain for the co- 
ordinates of the point (4) 


(5) —a,8” + 3b,8"6 — +4,6* (i=0, 1, 2). 


The Projections of the Three Points upon the R°. 
The projection of a point 2; upon (1) is* 
(6) | abr | 2| # + (| adx | + 3 | bez |)? 
+ 2| bdx | t+ |cdx| = 0. 


That is, if the coordinates of a point x; are substituted in (6), 
the result is a quartic in ¢ whose roots are the parameters of 
the points of contact of the four tangents that can be drawn 
from 2; to the R° of (1). 

By substituting a;, d;, and the coordinates (5) in (6) for 2, 
we obtain 


(7) Bat? + 26t + B’ = 0, 
(8) BP + 3a’ = 0, 
(9) — 3a6’)# + (30’B — B”) = 0, 


whose roots are the parameters of the points of contact of the 
tangents to R* drawn from the points whose parameters are 
co, 0, and — respectively. 

The form of equations (7)-(9), if properly interpreted, 
conveys a great deal of information. Evidently the roots of 
(9)t¢ are harmonicf (apolar) to 0 and ©; the roots of (8) are 
harmonic to © and — £’/8; and the roots of (7) are harmonic 
to 0 and — 6/8. These results we summarize in 

THEOREM I. The parameters of any two of three collinear 
points on the R* are harmonic to the parameters of the points of 
contact of the two additional tangents that can be drawn to the 
R® from the third point. 


* J. E. Rowe, BuL.etT1n, vol. 22, No. 2, p. 75 (November, 1915). 
t Observe that the order of statement in this sentence is not without 


purpose. 
{ Salmon, Higher Algebra, fourth edition, p. 179. 


= 
= 
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Also, the determinant of equations (7)-(9) vanishes, as 
may be seen at once from the fact that (9) may be obtained 
by subtracting f’ times (7) from 8 times (8). Hence* we have 

TueoreM II. The parameters of the points of contact of the 
three pairs of tangents that can be drawn to the R* from three 
collinear points of the R* are harmonic to the same quadratic, 
or form a set in involution. 

Another result which may be derived as a corollary of 
Theorem I we shall state as 

THEOREM III. Lines on a point P of an R* cut the R* in 
pairs of residual points whose parameters are harmonic to the 
parameters of the points of contact of the two additional tangents 
drawn to from P. 

Although Theorem III may be regarded a corollary of 
Theorem I, it may be established independently. Thus: Let 
P(do, di, dz) be the point and (xr) = Koto + x21 + Kote = 0 
any line on P. Then (xd)=0. The parameters of the 
residual points cut out of (1) by (xx) = 0 are the roots of 


(10) (xa)# + 3(xb)t + 3(xc) = 0 
and (10) is apolar to (8), for 
3(xc)B + 3(ka)a’ — 3(xb)p’ = 0, 
as may be shown from (3) and the fact that (xd) = 0. 


PENNSYLVANIA StTaTE COLLEGE, 
March, 1917. 


EXAMPLES OF A REMARKABLE CLASS OF SERIES. 
BY PROFESSOR R. D. CARMICHAEL. 

(Read before the American Mathematical Society, April 28, 1917.) 
Two-Fold and One-Fold Expression of the Properties of Func- 
tions. 

1. In the development of analysis during the past genera- 


tion it has frequently happened that functions have arisen 
which are analytic in a sector of the complex plane and in 


* Salmon, Higher Algebra, fourth edition, p. 180. 
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that sector have a determinate asymptotic representation 
(in the sense of Poincaré) by means of a diverging power 
series. The first explicit appearance of these functions in a 
general way was in two memoirs by Poincaré* in 1885 and 1886. 

The importance of these functions was at once put in 
evidence by Poincaré’s association of them with the irregular 
singular point at infinity of the linear homogeneous differential 
equation 


d"y d™y 
PoTat --> + = 0, 
in which the coefficients Po, Pi, ---, P, are polynomials in x 


subject to the condition that their degrees do not constantly 
decrease as one passes in order from the first to the last 
polynomial in the sequence. Poincaré (Acta Mathematica, 
loc. cit.) has in fact shown that a solution y(x) of such an 
equation is in general asymptotic to an expression of the form 


reo (1+ 


where p is a constant and Q(z) is a polynomial in z, the asymp- 
totic representation being valid for x approaching infinity in 
an appropriate direction. 

In other important investigations functions of the same 
character have often made their appearance, particularly in 
the theory of differential and difference equations. In these 
investigations it has been usual to represent the asymptotic 
character of such a function by means of a diverging power 
series and to find in addition another form through which 
to put in evidence the analytic character of the function in 
the sector. In this connection use has frequently been made 
of the integral on which the Laplace transformation is based 
or of certain generalizations of it. In other cases it has been 
found necessary to resort to expansions of various types, 
particularly of those which arise through use of the method of 
successive approximation. These procedures do not always 
lead to suitably convenient representations of the functions in 
consideration; in particular, the expansions last mentioned 
are often complicated in character. 


* Amer. Jour. of Math., vol. 7 (1885), pp. 203-258; Acta Mathematica 
vol. 8 (1886), pp. 295-344. Particular instances of such functions appeared 
earlier, notably in the work of Stirling and Cauchy (see Borel’s Séries 
divergentes, p. 30). 
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2. Obviously, it is desirable, if possible, to have a single 
expansion of such character that it is capable of exhibiting 
the asymptotic properties of the function near infinity and 
of yielding at the same time a convenient and workable 
representation of it in the finite plane or in a significant 
portion of the finite plane. It is hardly to be expected that 
any single class of series will afford a form of such a tool best 
suited to all situations; but it may very well be (and we are 
about to exhibit a class of series in which it is) true that 
certain classes of functions of great importance and very 
frequently recurring in practice are capable of representation 
in one or another sort of series all of which belong to a single 
type and possess a unitary theory. 

Indeed it has recently appeared that factorial series and 
certain immediate generalizations of them serve just such a 
purpose to a remarkable degree. Nérlund* has shown that 
functions which are characterized by being analytic in a half- 
plane and having an asymptotic character of a certain broad 
type are expansible in convergent factorial series (of a slightly 
generalized form) and that these series do in fact readily 
show the asymptotic character of the functions represented 
by them. In connection with a range of ideas differing in 
some essential respects from those of Nérlund it was shown 
earlier by Watsont that a certain form of factorial series 
furnished a sufficient means of representing a very important 
and wide-reaching class of functions. About the same time 
Hornt employed another generalization of factorial series in 
obtaining suitably convenient representations of solutions of 
linear differential equations in the neighborhood of an ir- 
regular singular point. Nérlund§ has likewise employed fac- 
torial series in his fundamental investigation of the solutions 
of difference equations. 

3. In a recent memoir|| I have pointed out that factorial 
series whose fundamental importance has been made manifest 
in these several ways are but an instance of a large class of 
series of simple properties. It turns out that the latter are 


* Acta Mathematica, vol. 37 (1914), pp. 327-38 

+ Rendiconti del Circolo Matematico di Herts, my 34 (1912), pp. 41-88. 

t Math. Annalen, vol. 71 (1912), pp. 

conti del ’Circolo Matematico di vol. 35 (1913), pp. 
177-21 

\| Transactions Amer. Math. Soc., vol. 17 ag pp. 207-232. See 
also a forthcoming paper in the Amer. Jour. of M 
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suitable for the representation of functions which are defined 
throughout a sector and have certain types of singularities 
at infinity. Moreover these series afford the requisite informa- 
tion concerning the asymptotic character of the functions 


represented by them. 
These series are of the form 
g(x +n) 
a2) = 


where g(x) is a given function of x and the coefficients c, are 
independent of x. More precise definitions are to be found in 
the next sections. As will be seen from these definitions, the 
fundamental characteristic of g(x) is its asymptotic behavior. 

A detailed study of the more important series included in 
this class and especially of their suitability for the representa- 
tion of certain types of functions is desirable and leads to 
important consequences in the theory of functions. From 
these latter the close connection of the series Q(x) with the 
function-theoretic considerations mentioned in the preceding 
sections will become apparent. 

The principal object of the present paper is to show how 
several important series in the literature are included as 
special cases of the series 2(x) and the generalization T(z) of 
it introduced in section 6 and to exhibit certain other interest- 
ing examples. I hope that attention may thus be directed to 
the importance of this entire class of series. I add also a 
brief discussion of the region of convergence of the new series 
T(z). 

Definition of the Series Q(x) and T(x). 


4. The class of series Q(x) is determined primarily by the 
properties of the basic function g(x) through which the series 
are defined. Accordingly it is desirable to begin with a state- 
ment of the properties of suitable functions g(x). 

In every case we shall confine our attention to a defined 
portion of the complex plane and usually to a sector formed by 
two rays from zero to infinity and containing in its interior 
the positive axis of reals. In such a portion of the plane 
(appropriately defined) we assume that g(x) is single-valued 
and also that it is analytic when |2| is sufficiently large. 
Moreover it is to have the asymptotic properties expressed in 
the formula 
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(1) g(a) ~ (14 


- which P(x) and Q(z) are polynomials which we write in the 
orm 


P(x) = wot mit + pot? + (ue + 0), 
Q(x) = a + art + aor? + + (Om + if m> 0). 


By r* we mean e**’, where the principal determination of 
log r is taken. 

In case k = 0 we assume that m > 1 in order to avoid a 
case which is unimportant so far as our present objects are 
concerned. 

The asymptotic relation (1) is to be understood as an 
abbreviation for the infinite sequence of limits 


2) Az) 1 a2 Gs 
(2) lim — (14+ S444 ...4%)) 


=0 (s=0,1,2,---), 


the limits being taken for x approaching infinity in a sector 
including the positive axis of reals in its interior. 

5. By means of any function g(x) possessing the properties 
just indicated we introduce the series (x) defined by the 
relation 


+n) 
3) Me) = 
where the coefficients Co, ¢1, C2, --- are independent of x. 

In case g(z-+ nm) and g(x) have common zeros we shall 
understand that g(x + n)/g(x) denotes the function obtained 
when the numerator and denominator of this fraction are 
divided by an entire function (preferably a polynomial when 
possible) having for its zeros the common zeros of g(x + n) 
and g(z). 

A value of x for which ony one of the functions g(z), 
g(x + 1)/g(x), g(x + 2)/g(x), --- has a singularity will be 
called an exceptional value or an oaend potnt for the series 
Q(x). Other values of x will be called non-exceptional or 
ordinary. 

In order to avoid cases without value for our purposes we 
shall assume that g(x) is of such character that there is a 
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(two-dimensional) region in the z-plane containing no excep- 
tional points for the series. 

6. Let us suppose that we have a finite number v + 1 of 
series 2(z) which, with z replaced by x‘ where ¢ is a positive 
integer, we write in the form 


g(x‘ + n) 
Q; i(x*) = de ni g(x') 


Let us multiply 2;(x*) by 1/z* (¢ = 0, 1, 2, ---, v) and add the 
resulting series term by term. We are thus led to a new 


series 
+ n) 


where P,,(z) is a polynomial of degree v in 1/z, namely, 


0, 1, 2, 0). 


Cnl Cn2 


Exceptional points and cere points are here defined as 
in section 5, the point z = 0 being now added to the set of 
exceptional points. 

These series T(x) are here introduced for the first time. 
It is clear that they have a much greater flexibility than 
series Q(x) in adapting themselves to the necessities of repre- 
senting a function which is arbitrary save as to general 
properties. 

7. The definitions of series Q(x) and T(x) might be extended 
to the case in which (1) is replaced by the relation 


g(x) (1 + pt at ) 


and P(x) and Q(z) are polynomials either in z or more generally 
in z'/?. Suitable functions g(x) for use in defining these more 
general series arise in situations analogous to those mentioned 
in sections 8 and 9 below. The theory of these more general 
series 2(x) and T(x) will not be treated in this paper. 


Convenient Sources of Suitable Functions g(x). 


8. It is obvious that there exists a large class of series Q(z) 
in accordance with the foregoing definition; for one has the 
subclass of functions g(x) for which the series in the second 


= 
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member of (1) is convergent when |x| is sufficiently large 
and in particular that in which the series terminates, the case 
in which it consists of the first term alone being of especial 
interest (as we shall see in section 11). 

That there also exist other important basic functions g(zx) 
may be readily seen. In fact, as we saw in section 1, solutions 
y(x) of linear homogeneous differential equations of a certain 
broad type are found to possess in general the asymptotic 
representation 


valid for x approaching infinity in an appropriate direction, 
Q(x) being a polynomial in z and yp, a, a2, --- being constants. 
Hence a constant ¢ exists such that y(cz) is a function having 
the property specified above for g(z). 

9. Another class of functions g(x) is afforded by the theory 
of difference equations. These functions are usually more 
effective than those defined by differential equations because 
the sequence of functions 


gz@+1) g@+2) g(x+3) 
g@) ° gz) 


has in this case very simple properties of interrelation among 
its elements, more convenient for most purposes than in the 
case of functions defined by differential equations. A theorem 
asserting the existence of these functions may be stated as 
follows :* 

Let us consider the linear homogeneous difference equation 
of order n 


F(z +n) + F(z + n—1)+--- + = 0, 


in which the coefficients a,(x) have the property that 2~“*a,(zx) 
is analytic at infinity for every value of k from 1 to n, yu being 
a constant. By e“*azo we denote the value of z~“*a,(z) at 
infinity. We assume that the quantities a;9 are such that the 
characteristic algebraic equation 


a” + aya! + +++ + = 0 
has its roots a1, 2, ---, &, different from each other and from 


*See Amer. Jour. of Math., vol. 38 (1916), pp. 185-220, and the papers 
there referred to. 


eee 
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zero. In this case the difference equation has n formal (and 
in general divergent) power series solutions of the form 


Ca, 
= mage (14% 7+ +) = 1,2, --+,n), 
where C2, are constants which may’be reckoned out 
directly by substituting the expansion in the difference equa- 
tion and equating like powers of z in the result. 

Then the difference equation has a fundamental system of 
solutions 


F,(z), F,(z), F,(2) 


possessing the following properties: 
(1) Each function in the system is analytic throughout the 
finite plane except at the singularities a of the functions 


and the points a — 7 where 7 is a positive integer. 
(2) The functions F;(x), F2(x), ---, Fn(x) have with respect 
to x the asymptotic representation 


(6) Fue) ~ 424224...) 
(a 1, 2, n), 


this representation being valid for x approaching infinity in 
any sector V formed by two rays from zero to infinity with 
arguments less than 7/2 in absolute value. 

Very useful particular basic functions g(x) for series Q(z) 
and 7(z) are afforded directly by the foregoing functions F;(x), 
especially in the case when yp is a negative integer. If u is 
not a negative integer then a suitable and convenient function 
g(x) in place of F;(zx) is given by 


g(x) = F(z) 


where k is a positive integer and I(x) denotes the gamma 
function of Euler. For the case when k is unity these func- 
tions are especially useful. Moreover, any one of many 
expressions similar to the foregoing readily serves the same 
purpose. 

The case when the difference equation is of the first order 


= 
= 
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deserves special mention on account of the elegance of many 
of the series arising through functions g(x) satisfying equations 


of the form 
g(x + 1) = R(z)g(2), 


where R(x) is a rational function of x. See sections 12-17 
below. 

10. Series Q(x) and T(x) give rise to what appears to be 
the fundamental expansion problem in the theory of difference 
equations; or, more exactly, they give rise to a general 
problem which includes this one as a special case and also a 
corresponding one in the theory of differential equations. 
The general problem is far more comprehensive than either 
of these special cases. 

The total class of series Q(x) and T(x) is very large owing 
to the paucity of restrictions which it is necessary to put 
upon the basic functions g(x). So far as I can see now, how- 
ever, it appears probable that the functions g(x) afforded by 
the solutions of linear homogeneous difference equations give 
rise to the most flexible series in the total class and are thus 
likely to prove themselves of the greatest permanent use 
in developing the theory of functions. It is for this reason 
that I venture to suggest tentatively that the series treated 
in this paper give rise to the fundamental expansion problem 
in the theory of difference equations. 

It is clear, however, that this expansion problem is not 
analogous to that having to do with orthogonal and bi- 
orthogonal functions in the theory of differential equations. 
Owing to the fact that many common properties are possessed 
by difference and differential equations it is natural to expect 
in the theory of the former -the analogue of expansions in 
fundamental functions arising in the theory of the latter. 
That such a theory could be developed is highly probable; 
but it is not at present in existence. It seems improbable, 
however, that the expansions so obtainable are commensurate 
in importance with expansions in the form of our series Q(x) 


and 7(z). 


Special Cases of Series Q(x) and T(x) in the Literature. 


11. Let us consider the special case in which g(x) has the 
value 


g(x) = 


| 
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Then Q(z) is readily reduced to the form 
Q(x) = | 


If we make the substitution z = e?*” the series Q(z) is trans- 
formed into the power series 


Cng(n)z". 


Hence among the special cases of series 2() is to be found the 
foregoing elementary transform of a general power series. 

12. It is well known that the function I'(z) has the asymp- 
totic character 


1 
T(z) ~ ). 
Hence for g(x) we may take the special value 
1 
g(x) = T@ ~ gully (a+ 2+ ). 
Then we have 


Te) _ 1 
gz) T@+n) 


Hence for this case our Q-series takes the form 


This is the well-known factorial series. The so-called series of 
binomial coefficients arises similarly by taking for g(x) the value 


g(x) = T(2), 
whence we have 


Q(z) = co + + 1). 
n=1 
13. Another interesting example of our series Q(x) is ob- 
tained by taking for g(x) the value 


1 a 


| 
| 

| 
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where a and b are constants and a + 0. In this case the 
Q-series takes the form 


Cn 
Q(z) = b)(az + b+ a)---(axz+b6+ (n— 1)a)* 


Let us now give to b the value 0 and replace ax by z. Then 
if we put co = 0 the foregoing series takes the form 


Cn 
©) 8@) = 1a)" 


This series plays the leading réle in Nérlund’s fundamental 
paper on factorial series referred to in section 2. 

Concerning series S(z) Nérlund proposes a fundamental 
problem in the following manner: What is the class of func- 
tions which admit an expansion of the form S(z) for appro- 
priately chosen real values of a? To this question he finds a 
very interesting answer. He shows that the class of func- 
tions is the same as that which gives rise to power series of 
the form 


A, Ac. Az 
oes, 


which may be divergent but which are absolutely and uni- 
formly summable by the exponential method of Borel. An 
infinite number of functions may give rise to the same power 
series; but it is the function which Borel assigns to this 
series as its generalized sum that admits an expansion of the 
form S(z). 

Thus a special class of the {-series is in close relation with 
one of the most interesting questions of analysis, namely, the 
question as to what we shall mean by the sum of a divergent 
series. 

Moreover the function defined by the series S(z) is asymp- 
totic to the power series of which it is the Borel sum; and 
another interesting point of connection for series Q(x) thus 
emerges. 

In later memoirs I intend to exhibit these and other prop- 
erties of the series S(z) in their place as special cases of proper- 
ties possessed by the Q-series in general. 

14. Again, if we put Mz for x and a+ 1 for b/a in the 0 
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series of the preceding section, we obtain a new series which is 
readily reduced to the form 


bn 
(7) = bo + 2 


This series plays the leading réle in Watson’s fundamental 
paper referred to in section 2. Watson shows that most of 
the ordinary functions of analysis (which possess asymptotic 
expansions) are capable of convergent representations in the 
form of series S(z). This statement is justified by three 
leading results which are stated by him as Theorems I, II, III. 
Through such results one sees from another point of view the 
importance of our series Q(z). 

15. In a suggestive paper on the solutions of homogeneous 
linear differential equations in the neighborhood of the ir- 
regular point infinity Horn (loc. cit.) has made use of a series 
which he writes in the form 


(8) (Aa t But) 


x A+ DA+t 2)---A+n) 


He treats the equation 


d 
Py = 0, 


in which the coefficients Po, Pi, P2 are polynomials in z of 
degrees m,m + 1, m + 2 such that the characteristic algebraic 
equation for the point infinity of the differential equation has 
its roots distinct. For such an equation the point infinity 
is irregular of rank 2. Horn shows that the solutions of such 
an equation can be represented by means of convergent 
series (8) and he points out that the results are capable of 
generalization to equations of any order and with any rank 
of irregular point at infinity. 

It is thus apparent that series (8) are of great importance 
in the theory of differential equations. 

We shall now exhibit series (8) as directly dependent on a 
special case of our series T(x). For this purpose we choose 
for g(x) the value 


| 
| 

| 
| 

| 
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1 
= 1)’ 
so that we have 
+m) _ 1 
g(x) (x +A+ 2)---@+A4+n)’ 


Thence we may write 


Cn 
dn 

22(x”) = 
Multiplying the first of these series by 1 and the second by z 
and adding, we have 


Cn + dyx 
xT(x) = o+ n)’ 


where 7(x) denotes an instance of the series T,,(x) defined in 
section 6. If we now replace x by 2/~vk it is clear that we 
have a series of the form (8). 

Thus we have exhibited several series of analysis as special 
cases of our general class of Q-series; in this way we have 
tentatively shown the importance of the latter series. 


Some Other Special Cases of Interest. 


16. Let us consider the first order difference equation 


(x — — — Om) 


+ 1) = = — — Ba)? 


in which the order m — k of R(x) at infinity is different from 
zero. This equation obviously has a solution of the form 


(x) = a? P(x — — 
T(z — — By) 

From the asymptotic representation of I(x), quoted above, 
it follows readily that the foregoing function g(x) has an 
asymptotic representation of the form 


| 
| 
| 
| 
| 
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Hence the function g(x) is suitable for use in defining -series. 
It is.clear that we have 


g@+n)_g@+1) g@+2) _ +n) 
g(x) g(t) g(@ + 1) g(x + n — 1) 
= + 1)---R@+n-—1). 


Hence our series 2(z) in this case takes the form 


Q(x) = eo + + 1)---R(a@+n-— 1). 


This form of series 2(x) essentially includes as special cases 
the three types of series mentioned in sections 12-14. It 
affords a highly interesting class of expansions in rational 
functions, particularly when R(x) vanishes to the first order 
at infinity, as I intend to show in a future paper. 

Let us consider the special case in which R(x) vanishes at 
infinity to the integral order s+ 1. Then —s-— 1. 
For this case we have a particularly useful class of series 
T(z), namely, 


T(z) =cw 


+3 (cot +9) 
It is not difficult to show that this series may be formally 
transformed into a descending power series 


pot ...; 


and conversely that any such power series may be formally 
transformed into a series T(x) depending on a given R(z) 
vanishing at infinity to the order s+ 1. The transforma- 
tion is unique in each direction. Moreover the power series 
may diverge for all values of x while the T-series has a half- 
plane of convergence. It is in connection with such facts 
that these 7-series exhibit their great importance, as I shall 
show in detail in a later paper. 


z 
| 
| 
| 
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17. A certain subclass of the functions g(x) employed in the 
preceding section is of special interest on account of their 
applications. This subclass consists of those functions g(zx) 
in which g(x)/g(x+ 1) is a rational function of x and 
g(x)/g(a + n) is a polynomial in z provided that n is sufficiently 
large. A useful more restricted class is that in which this 
polynomial has non-negative real coefficients. We shall now 
exhibit a few such functions g(z). 

We take first a case already treated, namely, that in which 


g(z) = a*I'(x + b/a)’ 
Here R(x) has the value 1/(ax + b). Hence g(x)/g(x + n) is 
a polynomial in x of degree n. Moreover, its coefficients are 
non-negative and real if a is positive and b is non-negative 
and real. 

Again, we may take 


a+ 0. 


_ 
9%) = + 3) 


Here it is easy to see that g(x)/g(x + n) is a polynomial with 
non-negative real coefficients provided that n is sufficiently 
large, in fact, provided that n is greater than 2. 

In a similar way one may treat the function 


+ 1)T (a + 3) 
+ 20 (a+ 4 
and with a like result. 
In the foregoing cases R(x) vanishes to the first order at 
infinity. In the following it vanishes to the second order: 


___Te+)) 


T(z + + 3) 
9@) = + Drat+ 


It is obvious in what way one may form other functions g(zx) 
so that R(x) vanishes at infinity to any desired order while 
g(x)/g(a + n) has the desired polynomial character. 

18. If we take for g(x) a function of the general type of 
those defined by difference equations in accordance with the 
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theorem quoted in section 7, namely, 

C1 Co 
(9) g(e) ~ (14 2454 ), 


it is easy to see that g(x + n)/g(x) has an asymptotic repre- 
sentation of the form 
g(x + n) (etl)n ( Bin Bon 
If we take for the value of s a non-negative integer this func- 
tion g(x) gives rise to the T-series 


g(x‘ + n) 
(10) T(x) = Pox) + LP. 
where 
P,,(z) = + 4+ B+ 


If we take vy = st + ¢t — 1 it is easy to see that this T-series 
may be formally transformed uniquely into a descending 
power series 


fo By... 


and conversely that any such descending power series may 
be formally transformed uniquely into a series T(x) defined 
by means of any basic function g(x) having the asymptotic 
character (9). 

A special case of the foregoing series of particular interest is 
that depending on a function g(z) for which in (9) we have 

It may be added that the ations T(x) defined by (10) is 
asymptotic to the power series into which the series 7(z) 
is transformable; a proof will be given in a later paper. 


Character of the Regions of Convergence. 


19. In my Transactions paper referred to in §3 above I 
have proved for the general series Q(x) in (3) the following 
theorem: 

If o denotes a» Ur wu, according as m is or is not greater than 


| 
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k, then there exists a unique real number X [yu] such that the 
region of convergence (absolute convergence) (exclusive of the 
exceptional points) of the series 2(x) is bounded by the straight 
line R(ox) = dX [R(ox) = yp] and lies on that side of this line 
for which R(ox) < [R(oz) < yl. 
‘4 We shall now extend this theorem to the case of the series 
(x). 
In view of the theorem just quoted it is easy to see that the 


series 
+ n) 
(11) 2,(x') 


has a region of convergence (absolute convergence) bounded 
by the curve 
Rex) =r; [Roz') = nil, 


where },; [u;] is an appropriately determined constant, and 
that it lies on that side of this curve for which 


<r; < pil. 
Let us now consider the v + 1 series (11) for which 7 takes 
the values 0, 1, 2, ---,». Multiplying by 1/2* (¢ = 0 
1, ---,v) and adding the resulting series term by term we have 


(12) (2) = 


g(x)’ 
where 
Cn1 ‘nv 


P,, = ¢no + — 
Let p [7] be a number of the set 0, 1, 2, ---, v such that 
A, SA, t= 0,1, + p Suit = 0,1, #7]. 


Then it is clear that T,,(x) converges (converges absolutely) 
for any value of x such that 


(13) Rox) <r, < 


If furthermore \, < \; when 7 + p, then the region of con- 
vergence of T’,,(z) is bounded by the curve 


R(ox') = r 
If on the other hand is equal to some other  [y], then 


| 

| 
| 
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T,,x) may converge (converge absolutely) for certain non- 
exceptional values of x outside of the region defined by (13). 
This is put in evidence by the series 


1 

(ait?) +2 
Here \» = wo = \1 = wi = 1, a8 one may show without great 
difficulty by making use of the asymptotic character of I'(z). 
This series converges absolutely for the non-exceptional value 
x = — 2 although both relations in (13) now reduce to 
R(— z) < lor R(z) > 

In view of this possibility that T,,(~) may converge (con- 
verge absolutely) outside of the common part of the regions 
of convergence (absolute convergence) of the component 
series (11) it seems desirable to state the following theorem, 
the proof of which is immediate in view of relation (10) in 
my Transactions paper already referred to: 

Let zo and x; be two values of x which are non-exceptional 
for the series 7,,(x) and suppose that T,,(z9) converges abso- 
lutely. Then 7,,(x:) converges absolutely if < R(oxo') 
and the quotient 


is bounded. 
20. We should examine briefly the nature of the curves 
(14) = 4 


which bound the regions of convergence and absolute con- 
vergence of series T,,(z). For this purpose we write 

x= 
where r is real and not negative. Then (14) reduces readily 
to the relation 
(15) r' cos (0+ ¢) = m 
where 

m = |. 

In case 7; = 0 equation (15) represents 2¢ rays from zero 
to infinity and dividing the space about zero into 2¢ equal 
parts or sectors. The quantity denoted by the first member 
of (15) is negative within alternate sectors of this set (the 
sectors of convergence) and positive within the others (in 


| 
| 
| 
| 
| 
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general the sectors of divergence). If 7; is negative then (15) 
represents a curve of ¢t branches lying within the aforemen- 
tioned sectors within which the first member of (15) denotes 
a negative quantity; and each branch approaches asymp- 
totically the rays of the sector including it. In this case the 
region of convergence consists in general of ¢ separated regions 
each bounded by a curve somewhat resembling one branch 
of an hyperbola. In case 7 is positive the branches of the 
curve denoted by (15) lie in the aforementioned sectors 
within which the first member of (15) is positive; and again 
each branch approaches asymptotically the rays of the sector 
including it. In this case the region of convergence is in 
general the portion of the plane excluded by the ¢ branches, 
which again resemble branches of hyperbolas. 


University or ILLINoIs, 
April 14, 1917. 


SHORTER NOTICE. 


Interpolated Six-place Tables. Edited by Horace Witmer 
Marsu. New York, John Wiley and Sons, 1916. xii+ 
155 pp. 

Tuis volume contains logarithms of numbers and the natural 
and logarithmic trigonometric functions, also tables of length, 
area, volume, weight, metric conversion, decimal equivalents, 
and specific gravity. In view of the many logarithmic tables 
on the market, a new compilation is expected to present 
valuable improvements. Only one such is evident in this 
book, viz., the use of a heavy ruling to denote “‘the change 
in leading figures when occurring in the line, thereby making 
the use of the wrong leading figures possible only by ‘jumping 
the fence.’” Unfortunately on page 39, an omitted “fence” 
gives wrong values for log tan 3° 0’, 20”, 30’, 40”, and 50”. 

In the logarithms of numbers no horizontal spacings or 
rulings are used and the number of rows on a page varies from 
13 to 31, so that the position of the desired logarithm on the 
page is never known “a priori.” In the logarithmic trig- 
onometric tables the lines are separated into groups of ten 
for 6 pages only, though this grouping is used throughout the 


| 

| 

| 

| 
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table of natural functions. In no case is the last line of a page 
reproduced on the next page, so that in numerous cases one 
portion of a mantissa is at the bottom of the page and the 
remainder on the next page, in one instance requiring the leaf 
to be turned. 

The natural function tables read down the page, while the 
log function tables read across, making the differences for the 
latter difficult of computation mentally. In the preface on 
page v, exponent is used for power, and 10° is given as 10000, 
also on page vii log 83.19 should be 1.920071. On page ix 
is found the objectionable form of negative characteristic 
with positive mantissa, also the symbol of identity to express 
“whose anti-log equals.” On page x the reader learns that 
a negative number has no logarithm and that there are two 
kinds of logarithms, tabular and non-tabular; finally in these 
tables log cos 72° 25’ must be taken as log cos 72° 24’ 60’. 

These tables are characterized by the almost complete 
absence of mechanical aids to the eye and are entirely un- 
suited to the use of the student or professional computer. 

The following corrections should be noticed: broken type 
in log tan 37° 48’ 50’; log 8.140 should be .910624, a correc- 
tion in the second digit which affects 170 logarithms following; 
log 8.760 should be .942504, similarly affecting 110 logarithms 
following. Isolated corrections are: 
log sin 24° 52’ 20” 9.623865 log tan 65° 3’ 20” 10.332428 

“* 31° 22’ 10” 9.716466 «68° 34’ 20” 10.406210 
“38° 38’ 50” 9.795549 nat sin 46° 1’ -719542 
“48° 54’ 50” 9.877212 857616 
2’ 10” 9.884483 “tan 57° 36’ 1.57575 
61° 3’ 0” 9.942029 5.72974. 
81° 14’ 30” 9.994906 

F. H. Sarrorp. 


NOTES. 


Tue April number (volume 18, number 2) of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “Differential equations and implicit func- 
tions in infinitely many variables,’ by W. L. Hart; “On 
the equivalence of écart and voisinage,”” by E. W. CHITTENDEN; 
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“On the theory of associative division algebras,” by OLIVE 
C. Hazietr; “The converse of the theorem concerning the 
division of a plane by an open curve,” by J. R. Kure; “On 
the conformal mapping of curvilinear angles. The functional 
equation ¢[f(x)] = a:¢(x),” by G. A. Preirrer; “Dynamical 
systems with two degrees of freedom,” by G. D. BirKHorFrF. 


Tue April number (volume 39, number 2) of the American 
Journal of Mathematics contains: “Fourier’s constants of 
functions of several variables,” by W. W. KisTERMANN; 
“Equations involving the partial derivatives of a function of 
a surface,” by C. A. Fiscuer; “Invariants and covariants of 
the Cremona cubic surface,” by C. P. Soustey; “The lines 
of electric force due to a moving electron,” by F. D. Mur- 
NAGHAN; “On inequalities of certain types in general linear 
integral equation theory,” by Mary E. WELts; “A trigono- 
metrical sum and the Gibbs’ phenomenon in Fourier’s series,” 
by H. S. Carstaw; “On the relation between some important 
notions of projective and metrical differential geometry,” 
by F. M. Morrison. 


Tue following advanced courses in mathematics are an- 
nounced for the year 1917-1918. 


UNIvEerRsity.—By Professor T. S. Fiske: Dif- 
ferential equations, four hours.—By Professor F. N. Coie: 
Theory of groups, three hours; Invariants and higher plane 
curves, three hours, first half-year —By Professor James Mac- 
Lay: Theory of geometric constructions, three hours, first half- 
year; Elliptic functions, three hours, first half-year.—By Pro- 
fessor C. J. Keyser: Modern theories in geometry, four 
hours; Mathematics, three hours, second half-year.—By Pro- 
fessor D. E. Smrru: History of mathematics, two or three 
hours.-—By Professor E>pwarp KAsnER, Seminar in differential 
geometry, two hours; (with Dr. C. A. FiscHEer) Theory of func- 
tionals and integral equations, three hours, first half-year.— 
By Professor W. B. Fire: Differential equations, three hours, 
second half-year.—By Professor H. E. Hawkes: Differential 
geometry of curves, three hours, second half-year. 


CorRNELL UNIVERSITY.—By Professor J. McManon: Theory 
of probabilities, three hours; Introduction to actuarial science, 
three hours.—By Professor V. SNYDER: Projective geometry, 
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three hours.—By Professor F. R. SHarpe: Vector analysis 
with applications to physics, three hours (first term).—By 
Professor W. B. Carver: Elementary theory of groups, three 
hours (second term); Synopsis of higher mathematics, three 
hours (with Dr. SttveERMAN).—By Professor A. Ranum: Dif- 
ferential geometry, three hours (first term).—By Professor 
D. C. Gritespre: Advanced calculus, three hours.—By Pro- 
fessor W. A. Hurwitz: Differential equations of physics, 
three hours.—By Professor C. F. Craic: Fourier series and 
the potential function, three hours; Teachers’ course in 
mathematics, three hours.—By Professor F. W. Owens: 
Mathematical physics, three hours.—By Dr. L. L. SILvErR- 
MAN: Infinite series, three hours.—By Dr. J. V. McKELvey: 
Algebraic curves, three hours.—By Mr. H. Betz: Elementary 
differential equations, three hours.—By Dr. M. G. GaBa: 
Theory of equations, three hours (first term).—By Dr. R. E. 
Girman: Advanced analytic geometry, three hours. 


Harvarp University.—By Professor W. F. Oscoop: Ad- 
vanced calculus, part II (second term), three hours; Infinite 
series and products (first term), three hours; Theory of func- 
tions, second course, three hours.—By Professor M. B6cHER: 
Introduction to modern geometry and modern algebra, three 
hours; Algebra (second term), three hours.—By Professor 
C. L. Bourton: Elementary differential equations (second 
term), three hours; Differential equations and Lie’s theory, 
three hours.—By Professor J. L. CootipcE: Subject matter 
of elementary mathematics (first term), three hours; Proba- 
bility (second term), three hours; Algebraic plane curves, 
three hours.—By Professor E. V. HuntincTon: Fundamental 
concepts of mathematics (first term), two or three hours.—By 
Professor H. N. Davis: Dynamics, three hours.—By Professor 
G. D. Brrxuorr: Vector analysis (first term), three hours; 
Theory of heat and elastic vibrations (second term), three 
hours; Integral equations (first term), three hours.—By Pro- 
fessor D. Jackson: Advanced calculus, part I (first term), 
three hours; Introduction to potential functions and Laplace’s 
equation (first term), three hours; Developments in series 
(second term), three hours.—By Dr. G. M. Green: Theory 
of functions, three hours.—By Drs. G. M. GREEN and W. LER. 
Hart: Differential geometry, three hours.—By Dr. W. LER. 
Hart: Introduction to celestial mechanics (second term), 
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three hours.—By Dr. T. A. Prerce: Theory of numbers (first 
term), three hours; Algebraic numbers (second term), three 
hours. 

Professor Birkhoff will conduct a fortnightly seminary in 
analysis. 

Courses of research are also offered by Professor Osgood in 
the theory of functions, by Professor Bécher in the real solu- 
tions of linear differential equations, by Professor Bouton in 
the theory of point transformations, by Professor Coolidge in 
geometry, by Professor Birkhoff in the theory of differential 
equations, by Professor Jackson in the theory of functions of a 
real variable and by Dr. Green in differential geometry. 


University oF ILiino1s.—All courses are three hours for 
the year except as otherwise indicated.—By Professor E. J. 
TOWNSEND: Functions of a complex variable; Differential 
equations and advanced calculus.—By Professor G. A. MILLER: 
Elementary theory of groups; Theory of equations and de- 
terminants (first semester).—By Professor H. L. Ruetz: 
Theory of statistics—By Professor J. B. SHaw: General 
algebra.—By Professor C. H. Stsam: Algebraic surfaces; Solid 
analytic geometry (second semester).—By Professor A. Emcu: 
Projective geometry; Constructive geometry (second se- 
mester).—By Professor R. D. CarmicHaEL: Theory of linear 
difference equations.—By Professor A. R. CRATHORNE: 
Theory of mathematical instruments (second semester).—By 
Dr. E. B. LytieE: Teacher’s course (two hours, first semester) ; 
History of mathematics (two hours, second semester).—By 
Dr. A. J. Kempner: Modern algebra. 


Jouns Hopkins University.—By Professor F. Morey: 
Higher geometry, two hours; Theory of functions, two hours. 
—By Professor A. B. Copte: Modular functions, two hours. 
—By Professor A. CoHEen: Differential geometry, two hours; 
Theory of real functions, two hours.—By Dr. H. Bateman: 
Differential equations of physics, two hours. 


PRINCETON UNIVERSITY.—By Professor H. B. Fine: Theory 
of functions of a complex variable, three hours.—By Professor 
L. P. E1sENHART: Projective geometry, three hours; Calculus 
of variations, three hours (first term).—By Professor O. VEB- 
LEN: Seminar, three hours.—By Professor E. P. Apams: 
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Analytic mechanics, three hours.—By Dr. J. W. ALEXANDER: 
Algebraic functions, three hours.—By Dr. G. A. PFEIFFER: 
Theory of functions of real variables, three hours. 


Ya.e UNIVERsITY.—By Professor E. W. Brown: Advanced 
calculus, three hours; Advanced dynamics, two hours.—By 
Professor J. PrerPpont: Theory of functions of a complex vari- 
able, two hours; Elliptic functions, two hours.—By Professor 
P. F. Smrra: Differential equations, two hours.—By Professor 
W. R. Lone ey: Integral equations, two hours (second term); 
Potential theory and harmonic analysis (first term).—By 
Professor E. J. Mixes: Calculus of variations, two hours.—By 
Professor J. I. Tracy: Modern analytic geometry, two hours. 
—By Dr. D. F. Barrow: Advanced algebra, two hours.—By 
Mr. W. L. Crum: Statics and dynamics, two hours.—By Mr. 
J. K. Wuritremore: Differential geometry, two hours. 


Dean F. C. Ferry, of Williams College, has been elected 
president of Hamilton College. 


Proressors R. C. ARCHIBALD, FRANK Mor tey, and T. 
Levi-Crvira have been elected fellows of the American academy 
of arts and sciences. 


At the Massachusétts Institute of Technology, Professor 
E. B. Witson has been appointed head of the department of 
physics. 


At Brown University assistant professor R. C. ARCHIBALD 
has been promoted to an associate professorship of mathe- 
matics. 


Mr. C. C. Camp has been appointed professor of pure 
mathematics at Ottawa University. 


Dr. L. T. Witson, of the University of Illinois, Mr. W. E. 
Curt, of Columbia University, and Dr. J. H. Weaver, of 
West Chester, Pa., have been appointed instructors in mathe- 
matics at the U. S. Naval Academy. 


Proressor W. E. Eprincton, of the University of New 
Mexico, and Mr. H. D. Frary have been appointed assistants 


— 
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in mathematics at the University of Illinois. Mr. R. E. Bu- 
LINGS has been appointed graduate assistant in mathematics. 


At the University of Oklahoma, Dr. NatHan ALTSHILLER 
has been promoted to an assistant professorship of mathe- 
matics. 


Dr. J. W. Nicnoxson, for forty years professor of mathe- 
matics in the University of Louisiana and author of numerous 
textbooks, died on March 22. 


Mr. W. C. Wrieat, consulting actuary, died at his home 
in Medford, Mass., on April 23. Mr. Wright had been a 
member of the American Mathematical Society since 1898. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Auonso-Misot (F.). Elementos de las teorfas de funciones y derivadas. 
Libro I. 2a edicién. Madrid, Fortanet, 1916. Pes. 15.00 


Bore (E.) and Vourerra (V.). Lectures delivered at the formal opening 
of the Rice Institute: Aggregates of zero measure and Monogenic 
uniform non-analytic functions by E. Borel and The generalization 
of analytic functions and On the theory of waves and Green’s functions 
by V. Volterra. Translated into English by G. C. Evans and P. J. 
Daniell. (Rice Institute Pamphlet, Vol. 4, No. 1.) Houston, Rice 
Institute, 1917. 117 pp. 


Cavucuy (A.). (Euvres complétes. 2e série, Tome 12: Nouveaux exer- 
cices d’analyse et de physique, Tome 2. Paris, emeiaatiten ~ 1916. 
4to. 472 pp. r. 25.00 

(P. J.). See Boren (E.). 

Evans (G.C.). See Boret (E.). 


GaLpEANo (Z. G. DE). Tratado general de matemdticas. Zaragoza, 
, 1916. S8vo. 112 pp. Pes. 2.50 


Levi (B.). Introduzione alla analisi matematica. I: Teorie formali. 
Paris, Hermann; Parma, presso l’autore (Napoli, B. de Rubertis), 
1916. 8vo. 482 pp. L. 15.50 


Lipsy (W.).. An introduction to the history of science. Boston, Hough- 
ton-Mifflin, 1917. 8vo. 12+288 pp. 


Licxs (H. E.). Recreations in mathematics. New York, Van Nostrand, 
1917. S8vo. 162 pp. $1.25 
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NELKENBRECHER (R.). Die Regelflachen, die durch Biegung aus den 
Hauptnormalflachen der Kurven konstanter Kriimmung hervorgehen. 
(Diss., Halle-Wittenberg.) Halle, 1916. 72 pp. 


Rey Pastor (J.). Resumen de las lecciones de andlisis matemAtico 
(segundo curso). Curso de 1915-1916. Madrid,1916. 4to. 8+472 
pp. Pes. 12.00 


Srottow (S.). Sur une classe de fonctions de deux variables définies par 
les équations linéaires aux dérivées partielles. (Thése.) Paris, 
Gauthier-Villars, 1916. 4to. 6+84 pp. Fr. 4.00 


Terxerra (F. G.). Obras sobre mathematica. Vol. 7. Coimbra, Im- 
prensa da Universidade, 1915. 4to. 8+424 pp. 


Vecas (M.). Problemas de geometria analfitica. Madrid, Fortanet, 1916. 
Vourerra (V.). See Boret (E.). 


Il. ELEMENTARY MATHEMATICS. 


Borcuarpt (W. G.). Revision papers in arithmetic. London, Riving- 
tons, 1917. With answers. 2s. 


Comperousse (C. pE). Arithmétique. (Tome 1 du Cours de mathé- 
matique.) 6eédition. Paris, Gauthier-Villars, 1916. Svo. Fr. 4.00 


Festa (N.). See Vacca (G.). 


Mincor y SHELty (J.). Elementos de dlgebra y trigonometria. Valla- 
dolid, A. Martin, 1915. 8vo. 


Pincuerte (S.). Algebra elementare. 12a edizione, riveduta. (Manuali 
Hoepli.) Milano, Hoepli, 1916. 16mo. 8+210 pp. . 1.50 


Rocue (S. L.). Addition and subtraction, the domino method. Balti- 
more, Meyer and Thalheimer, 1916. 63 pp. $1.00 


Saxetsy (C. H.). See Saxeisy (F. M.). 


Saxetsy (F. M. and C. H.). Practical arithmetic and mensuration. 
London, Longmans, 1917. 2s. 6d. 


Serret (J. A.). Traité de trigonométrie. 10e édition. Paris, Gauthier- 
Villars, 1916. 8vo. 10+336 pp. Fr. 4.00 


Tavo.e logarithmiche a cinque cifre decimali, raccolte e pubblicate per 
cura dell’Istituto idrografico della r. marina. Edizione ridotta. 
Genova, tip. Istituto idrografico della r. marina, 1916. aie as 
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Tavo te logarithmiche e nautiche, raccolte e pubblicate per cura dell’Isti- 
tuto idrografica della r. marina. 2a edizione, riveduta, corretta ed 
ampliata. “Genova, tip. Istituto idrografico della r. marina, 1916. 
4to. 15+93+23+117 pp. 


Vacca (G.). Euclide: il primo libro deglielementi. Testo greco, versione 
italiana. Con prefazione di Nicola Festa. Firenze, Sausoni, 1916. 
8vo. 
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III. APPLIED MATHEMATICS. 


Ancor (A.). Traité élémentaire de météorologie. 3e édition. Sut, 
Gauthier-Villars, 1916. 8vo. 7-+-416 pp. Fr. 14.00 


AyYDELoTTEe (F.). English and engineering. A volume of essays for 
English classes in engineering schools. New York, McGraw-Hill, 
1917. 8vo. 390 pp. $1.50 


Banacuiewicz (T.). Tables auxiliaires pour la résolution de l’équation 
e Gauss sin (z — g) = msin‘z dans la détermination d’une orbite 
planétaire le nombre de décimales y étant conforme a |’exactitude 
de!’orbite a 6 décimales. Paris, Gauthier-Villars, 

pp. r. 2. 


——.. Tables fondamentales pour la résolution de l’équation de Gauss 
sin (z — g) = m*‘ sin z dans la détermination d’une orbite planétaire, 
le nombre de décimales y étant conforme 4 l’exactitude du calcul de 
Vorbite 4 7 décimales. Paris, Gauthier-Villars, 1916. 4to. Sy Pp. 
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(P. P.). See Waite (C. G.). 

Eputmérives pour |’an 1918 publiées par le Bureau_des Longitudes 
spécialement 4 l’usage des marins. (Extrait de la Connaissance des 
temps.) Paris, Gauthier-Villars, 1916. 8vo. Fr. 2.00 


FernAnpas Navarro (L.). Cristolografia geométrica elemental. Mad- 
rid, Sudrez, 1915. 4to. 


G. L. Repertorio di matematiche e 2. elementari. 9a edizione. 
Livorno, Giusti, 1916. 16mo. 8+156 p L. 1.00 


Janet (P.). Legons d’électrotechnique professées 4 I’Ecole 


supérieure d’électricité. Tome 2: urants alternatifs sinusoidaux 
et non sinusoidaux. Alternateurs. Transformateurs. 4e édition. 
Paris, Gauthier-Villars, 1916. 8vo. 4-+422 pp. Fr. 13.00 


Massenz (A.). Guida pratica del meccanico moderno: manuale teorico- 
pratico, ad uso dei capi-officina ed alunni delle scuole industriali e 
d’arti e mestieri, meccanici, tornitori e fabbri. (Manuali Hoepli.) 
Milano, Hoepli, 1917. 24mo. 351 pp. L. 4.50 


MasseEro (F.). Manuale elementare di meccanica applicata, per le officine 
e per le scuole operaie. (Manuali Hoepli.) Milano, Hoepli, 1917. 
24mo. 427 pp. L. 6.50 


MeErRRm™AN (M.). Treatise on hydraulics. 10th edition, revised with the 
assistance of T. Merriman. New York, Wiley, 1916. 8vo. 10+ 
565 pp. $4.00 


Merrman (T.). See MerRman (M.). 
PereEIRE(G.). Essai sur une méthode de comptabilité des chemins de fer. 
3e édition. Paris, Gauthier-Villars, 1916. 4to. 20+128 PP aoe 


Piwpuck (F.B.). A treatise on electricity. Cambridge, University Press, 
1916. 8vo. 16+646 pp. 
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Prince (G. T.). Flow of water. Tabulated data with explanatory notes 
relating to flow of water under pressure through clean cl pipes. 
New York, Van Nostrand, 1917. 8vo. 


Serrie (T.). Statique graphique des systémes triangulés. Tome 2: 
Exemples d’application. 3e édition. Paris, cameatiaces 1916. 
8vo. Fr. 3.00 


Ssaerrer (W. A.). Household accounting and economics. New York, 
Macmillan, 1917. 11+161 pp. Cloth $0.65 


(G.). See Vorra (L.). 


TABELLE per la determinazione delle proiezioni orizzontali dei raggi 
vettori nelle traiettorie dei palloni piloti (r. Servizio aerologico italiano). 
Padova, Societa coop. tipografica, 1916. 8vo. 83 pp. 


Vourta (L.) e Surva (G.). Sulla riduzione al vuoto delle durate di oscil- 
lazione di pendoli py oe (r. Commissione geodetica italiana). 
Bologna, tip. Gamberini e Parmeggiani, 1916. 4to. 36 pp. 


Wesser (E.). Dizionario tecnico in quattro lingua. IV: Inglese- 
italiano-tedesco-francese. 2a edizione. (Manuali Hoepli.) Milano, 
Hoepli, 1916. 16mo. 921 pp. L. 11.00 


Waite (C. G.) and Cotcrove (P. P.). Industrial arithmetic. St. jay) 


Minn., Webb Publishing Company, 1916. 285 pp. 
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